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We develop a new functional renormalization group (FRG) approach for the two-dimensional XY-
model by combining the lattice FRG proposed by Machado and Dupuis [Phys. Rev. E 82, 041128
(2010)] with a duality transformation which explicitly introduces vortices via an integer-valued
field. We show that the hierarchy of FRG flow equations for the infinite set of relevant and marginal
couplings of the model can be reduced to the well-known Kosterlitz-Thouless renormalization group
equations for the renormalized temperature and the vortex fugacity. Within our approach it is
straightforward to include weak amplitude as well as out-of-plane fluctuations of the spins, which
lead to additional interactions between the vortices that do not spoil the Berezinskii-Kosterlitz-
Thouless transition. This demonstrates that previous failures to obtain a line of true fixed points
within the FRG are a mathematical artifact of insufficient truncation schemes.
I. INTRODUCTION
The discovery of the Berezinskii-Kosterlitz-Thouless
(BKT) phase transition by Berezinskii [1, 2] and by
Kosterlitz and Thouless [3, 4] was important for several
reasons. First of all, it demonstrated that superconduc-
tivity and superfluidity are possible at finite temperature
T even in two dimensions. Although true long-range or-
der in two-dimensional systems with continuous symme-
try is forbidden by the Mermin-Wagner theorem [5], it
does not exclude the possibility of quasi-long-range order,
which manifests itself in algebraically decaying correla-
tions. Another remarkable property of the BKT transi-
tion is that it is a continuous phase transition which does
not break any symmetry, which was unexpected at the
time of its discovery. In fact, the insight that the BKT
transition cannot be characterized by a broken symmetry
but is driven by topological defects had a huge impact
on future research in condensed matter physics, where
nowadays topological concepts play a central role. In the
XY-model, these topological defects correspond to vortex
and anti-vortex configurations of the spins, which cannot
be continuously deformed into the ferromagnetic ground
state, making them local minima of the energy. While at
temperatures T below the critical temperature Tc only
bound pairs of vortices and anti-vortices are energeti-
cally allowed, this changes for T > Tc where free vortices
proliferate due to the accompanying entropy gain.
The discovery of the BKT transition was the beginning
of a line of research where topological concepts are central
to understand the behavior of condensed matter systems.
Important milestones in this field are the explanation by
Thouless et al. [6] of the integer quantum Hall effect
in terms of topology, the topological characterization of
spin chains by Haldane [7, 8], and Laughlin’s [9] theoret-
ical explanation of the fractional quantum Hall effect as
a quantum liquid, which led to the discovery of topolog-
ical order [10]. This novel kind of order, which is also
found in quantum spin liquids [11] and in superconduc-
tors [12], is different from the conventional one described
within Landau theory in that it is not related to any sym-
metries or to their breaking. Topological order refers to
a topologically non-trivial ground state with long-range
entanglement and is thus intrinsically a quantum effect.
Its non-trivial topology makes the ground state robust
against arbitrary local perturbations. This is in contrast
to the related concept of symmetry protected topologi-
cal order, which features short-range entanglement and
is robust only against perturbations which preserve the
underlying symmetry. The earliest example of symmetry
protected topological order is given by the Haldane phase
of a spin-1 chain, but it also appears, e.g., in topological
insulators [13] and in Weyl semimetals [14].
In their original work on the BKT transition, Koster-
litz and Thouless [4] used a real-space renormalization
group (RG) approach to calculate the critical proper-
ties of the two-dimensional XY-model [15, 16]. The
RG procedure invented by Kosterlitz and Thouless [4]
is rather unconventional and supports the point of view
that nothing is automatic about the RG, which often
requires non-trivial reformulations adopted to the spe-
cific physical problem [17]. The theoretical predictions
of Kosterlitz and Thouless [4, 15] are in good agreement
with experimental observations in several systems which
are believed to exhibit a BKT transition, such as liquid
4He-films [18, 19], arrays of Josephson junctions [20], or
ultracold gases [21–23]. However, the two-dimensional
XY-model is not a fully accurate description of the ex-
perimental systems. In particular, the XY-model neither
contains fluctuations of the length of the spins (ampli-
tude fluctuations) nor does it allow for out-of-plane mo-
tion of the spins, which in real physical systems cannot
be completely eliminated. Generally it is believed that
amplitude fluctuations are innocuous in that they can be
absorbed into a finite renormalization of the exchange
coupling in an effective XY-model [24]. This has re-
cently been demonstrated explicitly by Erez and Meir [25]
for the attractive Hubbard model using classical Monte
Carlo simulations.
In recent years, the development of functional renor-
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2malization group (FRG) methods [26–28] has somewhat
unified different formulations of the RG by providing a
mathematically elegant and formally exact formulation
of the Wilsonian idea of mode elimination and rescal-
ing. However, the RG flow equations derived by Koster-
litz and Thouless [4] have not been recovered within the
framework of the FRG. In fact, in a recent FRG study
of the classical O(2)-model, Jakubczyk and Metzner [29]
discussed the possibility that the effect of amplitude fluc-
tuations on the BKT transition might be stronger than
previously assumed and might even destroy the BKT
transition. This point of view is supported by the fact
that previous FRG calculations for the classical O(2)-
model have so far not reproduced the line of fixed points
describing the BKT phase in a satisfactory way. While
signatures of the BKT transition have been seen, the fi-
nite mass of the amplitude fluctuations results in a line of
quasi-fixed points so that the BKT transition is replaced
by a smooth crossover [29–31]. Although it is possible to
fine-tune the cutoff procedure for each temperature sep-
arately such that one encounters a true fixed point [32],
this fine-tuning can only be justified if one assumes that
the quasi-fixed points are a mathematical artifact of the
derivative expansion. Indeed, the lack of true fixed points
without fine-tuning motivated Jakubczyk and Metzner
[29] to consider the possibility that the line of quasi-fixed
points correctly describes the physical system. This is not
in contradiction to experiments and to numerical simula-
tions as the quasi-fixed points found in FRG calculations
correspond to a finite, yet very large correlation length
which might be difficult to distinguish at finite system
sizes [29]. A novel procedure to study the classical O(2)-
model within the FRG was recently developed by Defenu
et al. [33], where they decoupled phase and amplitude
fluctuations by hand. This allowed them to treat at first
only the amplitude fluctuations within the FRG and to
then use the result as an initial condition for the phase
part of the action, which they subsequently solved via the
well-known Kosterlitz-Thouless flow equations. As a con-
sequence, they recovered the usual BKT transition while
still incorporating amplitude fluctuations via a rescaled
initial phase stiffness. Noticeably, within their procedure
amplitude fluctuations stay always gapped, in contrast
to the previous FRG treatments mentioned above.
In this work we study the effect of amplitude fluctu-
ations on the BKT transition by means of a new FRG
approach, which combines the lattice FRG approach de-
veloped by Machado and Dupuis [34] with a dual rep-
resentation of a generalized XY-model, which explicitly
involves the vortex excitations via an integer-valued field.
In contrast to the rather unconventional real-space RG
approach developed by Kosterlitz and Thouless [4, 15],
our FRG approach is based on a straightforward appli-
cation of the established FRG machinery in momentum
space. We show that weak amplitude fluctuations can
be taken into account as an effective interaction between
the vortices. While this effective interaction leads to fi-
nite corrections of non-universal quantities like the value
of the critical temperature, we find that it does not spoil
the BKT transition, in agreement with general expecta-
tions.
The rest of this article is organized as follows: In Sec. II
we review several dual representations of the XY-model.
We then use in Sec. III one particular dual representa-
tion as a starting point for our FRG approach, which
is based on the lattice FRG formalism introduced by
Machado and Dupuis [34]. In Sec. IV we solve the re-
sulting infinite hierarchy of flow equations for the rele-
vant and marginal couplings of the model and rederive
the well-known Kosterlitz-Thouless flow equations for the
XY-model within our FRG formalism. In Sec. V we add
weak amplitude fluctuations to our dual vortex action for
the XY-model and show that they do not qualitatively
change the BKT transition. Finally, we extend our pro-
cedure to the strongly anisotropic classical Heisenberg
XXZ-model in Sec. VI and demonstrate that it also ex-
hibits a BKT transition. Technical details regarding the
derivation and solution of the flow equations for the XY-
model are given in Appendix A, while in Appendix B we
derive an additional flow equation due to the amplitude
fluctuations.
II. DUALITY TRANSFORMATIONS OF THE
XY-MODEL
In this section we summarize various representations
of the partition function of the two-dimensional XY-
model. The mapping between these representations is
constructed by means of duality transformations [17, 35,
36]. Our dual lattice FRG approach will employ one par-
ticular representation involving integer degrees of free-
dom representing vortices. In this representation, the
BKT transition is described by a Gaussian fixed point,
which enables us to study the effect of longitudinal fluc-
tuations on the BKT transition in two-dimensional Bose
systems in a straightforward way.
The Hamiltonian of the classical XY-model with near-
est neighbor exchange interaction J is
HXY = −J
∑
i,µ
si · si+µ = −J
∑
i,µ
cos(θi+µ − θi), (2.1)
where si = ex cos θi+ey sin θi are unit vectors represent-
ing classical spins located at the sites ri of a square lattice
with lattice spacing a. The subscript i+µ represents the
sites ri + aµ, where aµ connects nearest neighbor sites
in the direction µ = x, y. We would like to calculate the
partition function
ZXY =
∏
i
(∫ 2pi
0
dθi
2pi
)
e
1
τ
∑
i,µ cos(∆µθi), (2.2)
where we have introduced the dimensionless temperature
τ = T/J (2.3)
3and the lattice derivative
∆µθi = θi+µ − θi. (2.4)
In order to facilitate analytical treatment of the partition
function we use the Villain approximation [37],
e
1
τ cos(∆µθi) ≈ RV (1/τ)
∞∑
niµ=−∞
exp
[
− (∆µθi − 2piniµ)
2
2τV (1/τ)
]
,
(2.5)
which becomes exact in the limit of low as well as
high temperature [38]. The functions RV and τV are
determined by expanding both sides of Eq. (2.5) in a
Fourier series and demanding equality for the three low-
est Fourier coefficients, leading to the identification [38]
RV (x) = I0(x)
√
2pi
τV (x)
, (2.6)
τV (x) = 2 ln
(
I0(x)
I1(x)
)
, (2.7)
where I0 and I1 are modified Bessel functions of the first
kind. Dropping RV as it just leads to a constant rescaling
of the partition function we find
ZVillain =
∏
i
(∫ 2pi
0
dθi
2pi
)∏
i,µ
 ∞∑
niµ=−∞

× exp
−∑
i,µ
(∆µθi − 2piniµ)2
2τV (1/τ)
 . (2.8)
Since τV (1/τ) only amounts to a rescaling of the dimen-
sionless temperature, we will in the following write τ in-
stead of τV (1/τ) to simplify the notation. The integers
niµ label the periods of cos(∆µθi). It is convenient to
eliminate the niµ in favor of another set of integers piµ
by means of the following mathematical identity,
∞∑
n=−∞
e−(x−2pin)
2/(2τ) =
√
τ
2pi
∞∑
p=−∞
e−τp
2/2−ipx, (2.9)
which follows by specifying f(x) = e−x
2/(2τ) in the Pois-
son summation formula [39]
∞∑
n=−∞
f(x− 2pin) = 1
2pi
∞∑
p=−∞
e−ipx
∫ ∞
−∞
dx′eipx
′
f(x′).
(2.10)
With the help of the identity (2.9) we obtain from
Eq. (2.8)
ZVillain =
( τ
2pi
)N∏
i
(∫ 2pi
0
dθi
2pi
)∏
i,µ
 ∞∑
piµ=−∞

× exp
−∑
i,µ
(τ
2
p2iµ + ipiµ∆µθi
) , (2.11)
where N is the number of lattice sites. The second term
in the exponent can be written as
−i
∑
i,µ
piµ∆µθi = −i
∑
i,µ
piµ(θi+µ − θi)
= i
∑
i
θi
[∑
µ
(piµ − pi−µ,µ)
]
≡ i
∑
i
θi∆ · pi, (2.12)
where the pi = (pi,x, pi,y) are two-component vectors
over the integers representing a current-like degree of
freedom and the lattice divergence of these currents is
defined by [17]
∆ · pi =
∑
µ
(piµ − pi−µ,µ). (2.13)
Carrying out the integrations over the angles θi in
Eq. (2.11) enforces local constraints on the piµ at each
site, which can be written as a vanishing lattice diver-
gence. The partition function of the Villain model can
then be written as a constrained sum over the integers
piµ,
ZVillain =
( τ
2pi
)N∏
i,µ
 ∞∑
piµ=−∞
δ∆·pi,0
 e− τ2 ∑i,µ p2iµ .
(2.14)
Now we can use the fact that the currents pi have van-
ishing lattice divergence to express them in terms of a
new set of integers mi attached to the sites of the dual
lattice as follows [17, 35, 40],
pi,x = mi+x+y −mi+x = ∆ymi+x, (2.15a)
pi,y = mi+y −mi+x+y = −∆xmi+y, (2.15b)
pi−x,x = mi+y −mi = ∆ymi, (2.15c)
pi−y,y = mi −mi+x = −∆xmi. (2.15d)
A graphical representation of the dual lattice as well as
of the association of the currents piµ with the links of the
original lattice is shown in Fig. 1. The four conditions
(2.15a–2.15d) can be written compactly as a lattice curl,
piµ = µν∆νmi+µ, (2.16)
where the matrix elements of the antisymmetric -tensor
are xx = yy = 0 and xy = −yx = 1. The condition
∆ · pi = 0 is then automatically satisfied and we can
represent the partition function of the Villain model as
an unconstrained sum over integer variables attached to
the sites of the dual lattice,
ZVillain =
( τ
2pi
)N∏
i
( ∞∑
mi=−∞
)
e−Sdual[m], (2.17)
4FIG. 1. Schematic representation of the physical lattice (blue
dots), the dual lattice (green dots), and of the related fields.
The red arrows denote the currents piµ flowing into and out of
the site i of the physical lattice in direction µ = x, y. The m-
field introduced in Eqs. (2.15a–2.15d) is defined on the sites
of the dual lattice.
where the dual vortex action is the following quadratic
functional of integers mi associated with the sites Ri of
the dual lattice,
Sdual[m] =
τ
2
∑
i,µ
(∆µmi)
2 =
τ
2
∑
i,µ
(mi+µ−mi)2. (2.18)
This dual vortex action will be the starting point of
our FRG calculation in Sec. III. Note that the parti-
tion function (2.17) is actually divergent, since the dual
vortex action (2.18) depends only on differences of the
m-field. The reason for this divergence is that the re-
lations (2.15a–2.15d) define the m-field only up to an
overall additive constant. In principle, we should there-
fore fix the m-field at an arbitrary lattice site to some
integer mf [41]. However, we may then sum over mf
without changing the physics as this only amounts to a
constant rescaling of the partition function, so that we fi-
nally obtain the simpler expression (2.17). Furthermore,
in Sec. III we will introduce a regulator, which leads to a
finite zero-momentum mode of the dispersion of the m-
field. As a result, the divergence of the partition function
is cured for any finite value of the cutoff.
For completeness, we conclude this section by estab-
lishing the relation of the dual vortex action (2.18) to the
so-called Coulomb gas representation of the XY-model.
Therefore we make use of the Poisson summation formula
(2.10) once more to eliminate the integers mi in favour
of a set of real continuous variables φi and another set of
integers qi,
ZVillain =
( τ
2pi
)N∏
i
(∫ ∞
−∞
dφi
∞∑
qi=−∞
)
e−Sdual[φ,q],
(2.19)
where the dual action is now given by
Sdual[φ, q] =
τ
2
∑
i,µ
(∆µφi)
2 + 2pii
∑
i
qiφi. (2.20)
The qi are called vortex charges; in the Coulomb gas
analogy [42], the qi correspond to the charges of the par-
ticles in units of the elementary charge. The easiest way
to see the equivalence of Eqs. (2.17) and (2.19) is to use
the distributional form of the Poisson summation formula
(2.10),
∞∑
qi=−∞
e−2piiqiφi =
∞∑
mi=−∞
δ(φi −mi). (2.21)
Integrating over the fields φi then replaces φi → mi in
the rest of the integrand so that we recover Eq. (2.18).
However, we may also first perform the Gaussian inte-
gration in Eq. (2.19) over the field φi to obtain
ZVillain =
√
N
( τ
2pi
)N
e
1
2
∑
k 6=0 ln(2pi/ωk)
×
∏
i
( ∞∑
qi=−∞
)
δ
(∑
i
qi
)
e−
1
2
∑
ij Vijqiqj , (2.22)
where the delta distribution enforces the constraint of
vanishing total vortex charge (the appearance of the delta
distribution instead of a Kronecker delta is directly re-
lated to the divergence of the partition function (2.17) as
discussed above) and the interaction Vij is given by
Vij =
(2pi)2
N
∑
k 6=0
eik·(Ri−Rj)
ωk
. (2.23)
Here we have defined the dimensionless dispersion
ωk = 4τ(1− γk), (2.24)
where γk is the nearest neighbor structure factor on a
square lattice,
γk =
1
2
[cos(kxa) + cos(kya)]. (2.25)
In the thermodynamic limit, the summation in Eq. (2.23)
should be replaced by an integration over the first Bril-
louin zone,
Vij = a
2
∫ pi/a
−pi/a
dkx
∫ pi/a
−pi/a
dky
eik·(Ri−Rj)
ωk
. (2.26)
Using the fact that for small wavevectors γk ≈ 1−k2a2/4
and hence ωk ≈ τa2k2, we see that the integral is infrared
5divergent. To regularize this divergence, we assume that
the system has a finite length L and rewrite the action
in Eq. (2.22) as
1
2
∑
ij
V˜ijqiqj =
1
2
∑
ij
Vijqiqj − V0
2
(∑
i
qi
)2
(2.27)
with
V0 =
(2pi)2
N
∑
k 6=0
1
ωk
, (2.28)
which is allowed due to the constraint
∑
i qi = 0. This
regularized interaction
V˜ij = Vij − V0 = (2pi)
2
N
∑
k 6=0
eik·(Ri−Rj) − 1
ωk
(2.29)
then has a finite limit for L→∞ and behaves as
V˜ij ∼ − ln(|Ri −Rj |/a) (2.30)
for large distances |Ri −Rj |  a.
III. DUAL LATTICE FRG
In the derivation of the exact hierarchy of FRG flow
equations for a given many-body system, one usually as-
sumes that the partition function can be expressed as a
functional integral involving continuous fields [28]. How-
ever, as recently pointed out by Machado and Dupuis
[34], this assumption is really not necessary, so that the
FRG formalism can also be applied to systems involving
degrees of freedom which are parametrized in terms of a
set of integers. The basic idea of their lattice FRG is to
start the flow in the local limit of decoupled lattice sites,
thus retaining information about local fluctuations in the
initial conditions. This is similar [34] to the hierarchical
reference theory of fluids developed by Parola and Reatto
[43–45], which starts with a soluble reference system con-
taining only strongly repulsive short-range interactions
and then progressively includes long-range interactions
via a RG procedure.
At the first sight it is not clear whether the dual vortex
representation (2.17) or the Coulomb gas representation
(2.22) will be most suitable for deriving the Kosterlitz-
Thouless RG equations within the lattice FRG formalism
proposed by Machado and Dupuis [34]. While we have
explored both possibilities, in the rest of this work we
shall present results only for the dual vortex representa-
tion (2.17), which we found to be advantageous due to
the fact that the dual action Sdual[m] is simply given by
squares of lattice derivatives.
A. Exact FRG flow equations
Starting point is the dual representation (2.17) of the
partition function of the XY-model as a nested sum over
integers mi representing the dual vortex degrees of free-
dom. Introducing the Fourier components of the mi via
mi =
1√
N
∑
k
eik·Rimk, (3.1)
the dual vortex action (2.18) can be written as
Sdual[m] =
τ
2
∑
i,µ
(∆µmi)
2 =
1
2
∑
k
ωkm−kmk, (3.2)
with ωk = 4τ(1 − γk), see Eq. (2.24). Note that the
low-temperature phase of the original XY-model maps
onto the high-temperature phase of the dual model. We
therefore expect that for small τ the dual model will be
gapless, while for large τ the renormalized spectrum will
exhibit a gap associated with a finite screening length.
If the mi were continuous variables, the dual action
(3.2) would represent a Gaussian field theory which does
not exhibit any phase transition. The BKT transition
must therefore be related to the discreteness of the mi.
To derive the Kosterlitz-Thouless RG equations from the
dual representation (2.17) within the framework of the
lattice FRG [34], we introduce a bandwidth cutoff λ and
replace the dual action (3.2) by the cutoff-dependent ac-
tion
Sλ[m] =
1
2
∑
k
[ωk +Rλ(k)]m−kmk, (3.3)
where the cutoff-dependent regulator function Rλ(k) is
given by [34]
Rλ(k) = (λ− ωk)Θ(λ− ωk). (3.4)
Identifying the initial value λ0 of the cutoff with the total
bandwidth of the dispersion, i.e.,
λ0 = max{ωk} = 8τ, (3.5)
we see that at λ = λ0 the regularized dispersion is con-
stant for all wavevectors k,
ωk +Rλ0(k) = λ0, (3.6)
so that at the initial cutoff scale the dual action is local,
Sλ0 [m] =
λ0
2
∑
k
m−kmk =
λ0
2
∑
i
m2i . (3.7)
In order to define the average effective action, we intro-
duce the cutoff-dependent generating functional Wλ[h]
of the connected correlation functions (Schwinger func-
tional),
eWλ[h] =
∏
i
( ∞∑
mi=−∞
)
e−Sλ[m]+
∑
i himi , (3.8)
6which is a functional of the real-valued source fields hi.
The average effective action Γλ[m¯] is then defined via the
subtracted Legendre transformation,
Γλ[m¯] =
∑
i
him¯i −Wλ[h[m¯]]− 1
2
∑
k
Rλ(k)m¯−km¯k,
(3.9)
where on the right-hand side it is understood that the
sources hi = hi[m¯] should be considered as functionals of
the expectation values 〈mi〉 by solving
δWλ[h]
δhi
= 〈mi〉 ≡ m¯i. (3.10)
Taking derivatives of Wλ[h] with respect to the sources,
we obtain the connected correlation functions of the dual
integers mi. In particular, the two-point connected cor-
relation function between mi and mj at the dual sites Ri
and Rj is
δ2Wλ[h]
δhiδhj
= 〈mimj〉 − 〈mi〉〈mj〉, (3.11)
where for an arbitrary functional F [m] the average sym-
bol is defined by
〈F [m]〉 =
∏
i
(∑∞
mi=−∞
)
e−Sλ[m]+
∑
i himiF [m]∏
i
(∑∞
mi=−∞
)
e−Sλ[m]+
∑
i himi
. (3.12)
Following the usual steps [28], it is now straightforward
to derive an exact hierarchy of FRG flow equations for
the irreducible vertices of our model. It is important to
emphasize that this derivation does not require that the
theory can be defined in terms of some functional integral
over continuous fields. The average effective action Γλ[m¯]
defined in Eq. (3.9) therefore satisfies the exact FRG flow
equation [26, 28]
∂λΓλ[m¯] =
1
2
∑
k
(∂λRλ(k))
[
Γ′′λ[m¯] + Rλ
]−1
k,−k, (3.13)
where Γ′′λ[m¯] and Rλ are infinite matrices in the momen-
tum labels with matrix elements given by
(Γ′′λ[m¯])kk′ =
δ2Γλ[m¯]
δm¯kδm¯k′
, (3.14)
(Rλ)kk′ = δk,−k′Rλ(k
′). (3.15)
For m¯ = 0, the second-derivative matrix of the average
effective action Γλ[m¯] is diagonal in the momentum la-
bels,
(Γ′′λ[0])kk′ = δk,−k′Γ
(2)
λ (k
′), (3.16)
where the Fourier transform of the connected two-point
function for vanishing sources is by construction related
to Γ
(2)
λ (k) as follows,
Gλ(k) =
1
N
∑
ij
eik·(Ri−Rj)〈mimj〉hi=0
=
(
Γ′′λ[0] + Rλ
)−1
k,−k =
[
Γ
(2)
λ (k) +Rλ(k)
]−1
.
(3.17)
The expansion of Γλ[m¯] in powers of the Fourier com-
ponents m¯k of the expectation values m¯i defines the ir-
reducible vertices [46]. By symmetry the expansion in-
volves only even powers,
Γλ[m¯] = Γ
(0)
λ +
1
2
∑
k
Γ
(2)
λ (k)m¯−km¯k
+
∞∑
n=2
1
(2n)!Nn−1
∑
k1...k2n
δk1+...+k2n,0
× Γ(2n)Λ (k1, . . . ,k2n)m¯k1 . . . m¯k2n
= Γ
(0)
λ +
1
2
∑
k
Γ
(2)
λ (k)m¯−km¯k
+
1
4!N
∑
k1...k4
δk1+k2+k3+k4,0Γ
(4)
λ (k1,k2,k3,k4)
× m¯k1m¯k2m¯k3m¯k4 + . . . , (3.18)
where the ellipsis denotes terms involving six and higher
powers of m¯. Setting m¯ = 0 in Eq. (3.13) we obtain the
exact flow of the free energy,
∂λΓ
(0)
λ =
1
2
∑
k
Gλ(k)∂λRλ(k). (3.19)
By expanding both sides of Eq. (3.13) to quadratic order
in m¯, we obtain an exact FRG flow equation for the two-
point vertex [28],
∂λΓ
(2)
λ (k) =
1
2N
∑
q
G˙λ(q)Γ
(4)
λ (k,−k, q,−q), (3.20)
where we have introduced the single-scale propagator
G˙λ(k) = −[Gλ(k)]2∂λRλ(k). (3.21)
The exact flow equation of the four-point vertex appear-
ing on the right-hand side of Eq. (3.20) is [28]
∂λΓ
(4)
λ (k1,k2,k3,k4)
=
1
2N
∑
q
G˙λ(q)Γ
(6)
λ (k1,k2,k3,k4, q,−q)
− 1
N
∑
q
[
G˙λ(q)Γ
(4)
λ (k1,k2, q,−q − k1 − k2)
×Gλ(−q − k1 − k2)Γ(4)λ (q + k1 + k2,−q,k3,k4)
+ (k2 ↔ k3) + (k2 ↔ k4)
]
. (3.22)
Graphical representations of Eqs. (3.20) and (3.22) as
well as of the exact flow equation for the six-point vertex
[47] are shown in Fig. 2.
B. Initial conditions
In the lattice FRG we start the RG flow at scale λ0 =
8τ = 8T/J with a non-trivial initial condition. Noting
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3 4
1 2
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3
2
4
5 6
= -
distinct
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permutations
1 2
3 4
5 6
1 2
3 4
FIG. 2. Graphical representation of the exact FRG flow
equations for the irreducible vertices with two and four legs,
see Eqs. (3.20) and (3.22), as well as for the irreducible six-
point vertex [47]. Solid lines represent the cutoff-dependent
propagator Gλ(q), while slashed solid lines denote the cor-
responding single-scale propagator G˙λ(q). The dot over the
vertex on the left-hand side represents the derivative with re-
spect to the cutoff parameter λ. We have labelled the external
momenta by integers, omitting them where there is no danger
of ambiguity.
that Sλ0 [m] in Eq. (3.7) is local, we obtain from Eq. (3.8)
Wλ0 [h] =
∑
i
ln
[ ∞∑
mi=−∞
e−
λ0
2 m
2
i+himi
]
=
∑
i
lnϑ3
(
ihi/2, e
−λ0/2
)
, (3.23)
where the theta function ϑ3(z, q) is for |q| < 1 defined by
[48]
ϑ3(z, q) =
∞∑
m=−∞
qm
2
e2imz = 1 + 2
∞∑
m=1
qm
2
cos(2mz).
(3.24)
Using Jacobi’s identity [39]
ϑ3(z, e
−pix) =
1√
x
e−z
2/(pix)ϑ3
( z
ix
, e−pi/x
)
, (3.25)
we may alternatively write
Wλ0 [h] =
∑
i
[
h2i
2λ0
+ ln
√
2pi
λ0
+ lnϑ3
(
pihi
λ0
, e−2pi
2/λ0
)]
.
(3.26)
This expression is particularly useful at low temperatures
where the parameter
y0 = e
−2pi2/λ0 = e−pi
2J/(4T ), (3.27)
which can be interpreted as the vortex fugacity at scale
λ0, is exponentially small so that we may expand
ϑ3
(
pihi
λ0
, y0
)
= 1 + 2y0 cos
(
2pihi
λ0
)
+O(y40). (3.28)
Then we obtain
m¯i =
δWλ0 [h]
δhi
=
hi
λ0
− 4piy0
λ0
sin
(
2pihi
λ0
)
+O(y20), (3.29)
and hence
hi = λ0m¯i + 4piy0 sin(2pim¯i) +O(y20). (3.30)
The resulting initial form of the average effective action
is
Γλ0 [m¯] = −N ln
√
2pi
λ0
+
1
2
∑
k
ωkm¯−km¯k
− 2y0
∑
i
cos(2pim¯i) +O(y20). (3.31)
In the long-wavelength limit where ωk ≈ τk2a2, the ini-
tial average effective action (3.31) formally resembles the
action of the sine-Gordon field theory [17]. Here, how-
ever, m¯i = 〈mi〉 is not a quantum field which is integrated
over, but the expectation value of an integer degree of
freedom mi representing the vortices in the dual action
(2.18).
Note that in the above derivation of Eq. (3.31) we have
expanded Wλ0 in the vortex fugacity y0 in order to invert
the relation
m¯i =
δWλ0 [h]
δhi
(3.32)
analytically. The advantage of this approach is that it al-
lows us to rederive the Kosterlitz-Thouless RG equations
(Sec. IV) and to analytically assess the effect of ampli-
tude (Sec. V) and out-of-plane fluctuations (Sec. VI) on
the BKT transition. However, in order to investigate the
full phase diagram of our dual vortex model and espe-
cially the high-temperature phase where vortices prolif-
erate, another strategy would be necessary. A possible
strategy is to invert the relation (3.32) numerically and
to proceed within the derivative expansion.
IV. KOSTERLITZ-THOULESS RG EQUATIONS
FROM THE FRG
A. Relevant and marginal couplings
Given the fact that the FRG flow equations above are
formally exact, it should be possible to derive from these
equations the celebrated RG equations for the renor-
malized temperature and for the vortex fugacity of the
XY-model first obtained by Kosterlitz and Thouless [4].
Note that these authors used an unconventional real-
space implementation of the RG procedure. An alterna-
tive derivation of the Kosterlitz-Thouless RG equations
is based on the mapping to the sine-Gordon model and
the subsequent application of a real-space RG procedure
to this model [17]. However, as emphasized by Herbut
8[17], with this procedure one encounters an infrared di-
vergence which has to be regularized. Although physical
arguments suggest a natural regularization, it would cer-
tainly be more satisfactory to have a self-contained RG
procedure which can be applied automatically. In this
section we show that, within the established machinery
of the FRG, the Kosterlitz-Thouless RG equations can
be obtained in a straightforward way without invoking
physical arguments which lie outside the framework of
the FRG.
To derive the Kosterlitz-Thouless RG within our dual
lattice FRG approach, it is sufficient to approximate the
bare dispersion ωk by the leading term in the expansion
for small wavevectors,
ωk = c0k
2 +O(k4), c0 = τa2. (4.1)
It is convenient to express the bandwidth cutoff λ in-
troduced in Sec. III A in terms of a momentum cutoff
Λ by setting λ = c0Λ
2 and considering all vertices as
functions of Λ. Moreover, to better describe the scaling
in the vicinity of the BKT transition it is convenient to
multiply the regulator given in Eq. (3.4) by an appro-
priate wave function renormalization factor cΛ/c0. Our
modified regulator is therefore
RΛ(k) = cΛ(Λ
2 − k2)Θ(Λ2 − k2), (4.2)
where the scale-dependent coupling cΛ is defined via the
long-wavelength expansion of the flowing two-point ver-
tex,
Γ
(2)
Λ (k) = rΛ + cΛk
2 +O(k4). (4.3)
The reason for introducing the factor cΛ in Eq. (4.2) is
that it simplifies the scale-dependent propagator,
GΛ(k) =
1
Γ
(2)
Λ (k) +RΛ(k)
=
{
(rΛ + cΛΛ
2)−1, |k| < Λ,
(rΛ + cΛk
2)−1, |k| > Λ. (4.4)
For the corresponding single-scale propagator we obtain
from Eq. (3.21)
G˙Λ(k) = − [2cΛΛ + (∂ΛcΛ)(Λ
2 − k2)]Θ(Λ2 − k2)
(rΛ + cΛΛ2)2
.
(4.5)
The exact FRG flow equations describing the evolution of
the irreducible vertices as we change the momentum cut-
off Λ can be obtained from the exact FRG flow equations
with bandwidth cutoff λ given in Sec. III A by simply re-
placing λ → Λ. In particular, from the flow equation
(3.20) for the two-point vertex we obtain the exact FRG
flow equations for the couplings rΛ and cΛ defined via
the long-wavelength expansion (4.3),
∂ΛrΛ =
1
2N
∑
q
G˙Λ(q)Γ
(4)
Λ (0, 0, q,−q), (4.6)
∂ΛcΛ =
1
4N
∑
q
G˙Λ(q) lim
k→0
∂2kΓ
(4)
Λ (k,−k, q,−q), (4.7)
where ∂k = ∂/∂k. By simple power counting, we see
that rΛ scales as Λ
−2 and is therefore relevant at the
Gaussian fixed point manifold. Moreover, the canonical
dimension of the dimensionless coupling cΛ vanishes so
that this coupling is marginal at the Gaussian fixed point
manifold. However, in two dimensions we have to keep
track of an infinite set of relevant couplings given by the
momentum-independent parts of the irreducible vertices
with 2n external legs,
u
(2n)
Λ = Γ
(2n)
Λ (0, . . . , 0), n ∈ Z+, (4.8)
where Z+ = {1, 2, 3, . . .} denotes the set of positive in-
tegers. In two dimensions, all couplings u
(2n)
Λ are rel-
evant with canonical dimension +2, which means that
they grow as Λ−2 for Λ → 0. In order to recover the
Kosterlitz-Thouless flow equations within the framework
of the FRG, we have to find a way to keep track of the
flow of all u
(2n)
Λ . It turns out that we also have to keep
track of infinitely many marginal couplings c
(2n)
Λ defined
by
c
(2n)
Λ = a
−2 lim
k→0
∂2kΓ
(2n)
Λ (k,−k, 0, . . . , 0), n ∈ Z+.
(4.9)
The above definitions of u
(2n)
Λ and c
(2n)
Λ parametrize the
leading two coefficients in the long-wavelength expansion
of the 2n-point vertices with only two non-zero external
momenta,
Γ
(2n)
Λ (k,−k, 0, . . . , 0) = u(2n)Λ +
k2a2
2
c
(2n)
Λ +O(k4).
(4.10)
Note that with this notation rΛ = u
(2)
Λ and cΛ = c
(2)
Λ a
2/2.
The crucial point is now that in the vicinity of the
BKT fixed point manifold, we can explicitly solve the
infinite hierarchy of RG flow equations for all couplings
u
(2n)
Λ and c
(2n)
Λ . Before showing how this is possible and
how the usual flow equations derived by Kosterlitz and
Thouless can be recovered from the solution, let us dis-
cuss the initial conditions for the FRG flow assuming
that at the initial scale Λ0 the parameter y0 = e
−pi2/(4τ)
introduced in Eq. (3.27) is small compared with unity. In
this regime, the proper initial condition for the average
effective action ΓΛ0 [m¯] is determined by the action (3.31)
at the initial value of the bandwidth cutoff λ0 = 8τ ,
ΓΛ0 [m¯] = −N ln
√
2pi
8τ
+
c0
2
∑
k
k2m¯−km¯k
− 2y0
∑
i
cos(2pim¯i) +O(y20)
= Γ
(0)
0 +
1
2
∑
k
(r0 + c0k
2)m¯−km¯k
+
∞∑
n=2
u
(2n)
0
(2n)!
∑
i
m¯2ni +O(y20), (4.11)
9where
Γ
(0)
0 = −N
[
ln
√
2pi
8τ
+ 2y0
]
, (4.12a)
r0 = (2pi)
22y0, (4.12b)
c0 = τa
2, (4.12c)
u
(2n)
0 = (−1)n+1(2pi)2n2y0. (4.12d)
To derive a closed hierarchy of RG flow equations for
all the relevant couplings u
(2n)
Λ and the marginal cou-
plings c
(2n)
Λ , it is instructive to consider first the exact
FRG flow equations for the momentum-dependent ver-
tices with two, four, and six external legs [28] for the
special case where all but two external momenta van-
ish. To exhibit the general structure, let us write down
again the exact flow equation for the two-point vertex
[see Eq. (3.20)],
∂ΛΓ
(2)
Λ (k) =
1
2N
∑
q
G˙Λ(q)Γ
(4)
Λ (k,−k, q,−q). (4.13)
We will show later that for n ≥ 2 all relevant couplings
u
(2n)
Λ are proportional to the scale-dependent fugacity yΛ,
while the marginal couplings c
(2n)
Λ are only proportional
to y2Λ. Since we assume y0 and yΛ to be small, we can
neglect the q-dependence of the four-point vertex on the
right-hand side of Eq. (4.13) to leading order in the fu-
gacity yΛ. Then the flow of the two-point vertex is given
by
∂ΛΓ
(2)
Λ (k) =
1
2N
∑
q
G˙Λ(q)Γ
(4)
Λ (k), (4.14)
where we have defined
Γ
(2n)
Λ (k) = Γ
(2n)
Λ (k,−k, 0, . . . , 0), n ∈ Z+. (4.15)
The exact FRG flow equation of the effective interac-
tion Γ
(4)
Λ (k,−k, 0, 0) can be obtained from the flow equa-
tion (3.22) by replacing λ→ Λ and specifying the exter-
nal momenta appropriately. Analogous to Eq. (4.14) we
can neglect the loop momentum q in the vertices on the
right-hand side of the flow equation and obtain
∂ΛΓ
(4)
Λ (k) =
1
2N
∑
q
G˙Λ(q)Γ
(6)
Λ (k)
− 1
N
∑
q
G˙Λ(q)GΛ(q)Γ
(4)
Λ (k)Γ
(4)
Λ (0)
− 2
N
∑
q
G˙Λ(q)GΛ(k + q)[Γ
(4)
Λ (k)]
2. (4.16)
Finally, within the same approximations we obtain from
the exact flow equation for the irreducible six-point ver-
=
= -
= -
-
-
-
- -
-
--
-
--
FIG. 3. Graphical representation of the approximate flow
equations for the irreducible vertices Γ
(2)
Λ (k), Γ
(4)
Λ (k), and
Γ
(6)
Λ (k) as given in Eqs. (4.14), (4.16), and (4.17). Here ex-
ternal legs without labels carry vanishing momentum.
tex shown in Fig. 2
∂ΛΓ
(6)
Λ (k) =
1
2N
∑
q
G˙Λ(q)Γ
(8)
Λ (k)
− 1
N
∑
q
G˙Λ(q)GΛ(q)Γ
(4)
Λ (k)Γ
(6)
Λ (0)
− 6
N
∑
q
G˙Λ(q)GΛ(q)Γ
(4)
Λ (0)Γ
(6)
Λ (k)
− 8
N
∑
q
G˙Λ(q)GΛ(q + k)Γ
(4)
Λ (k)Γ
(6)
Λ (k)
+
9
N
∑
q
G˙Λ(q) [GΛ(q)]
2
Γ
(4)
Λ (k)
[
Γ
(4)
Λ (0)
]2
+
12
N
∑
q
G˙Λ(q) [GΛ(q + k)]
2
[
Γ
(4)
Λ (k)
]2
Γ
(4)
Λ (0)
+
24
N
∑
q
G˙Λ(q)GΛ(q)GΛ(q + k)
[
Γ
(4)
Λ (k)
]2
Γ
(4)
Λ (0).
(4.17)
A graphical representation of these flow equations is
shown in Fig. 3.
B. Flow equation for the fugacity
Suppose now that the momentum-independent parts
u
(2n)
Λ of all vertices are proportional to the same small
10
parameter yΛ, which we arbitrarily define via
Γ
(2)
Λ (0) = u
(2)
Λ = rΛ = (2pi)
22yΛ. (4.18)
This assumption is certainly satisfied at the initial scale
Λ0 if we identify yΛ0 with the parameter y0 in Eq. (4.12b).
The important insight is now that to linear order in yΛ, it
is sufficient to retain only the first term in the above hier-
archy of flow equations involving a single vertex with two
additional external legs. Moreover, retaining only the
relevant (momentum-independent) parts of the vertices
which is justified for small yΛ, we obtain the hierarchy
∂Λu
(2n)
Λ =
AΛ
2
u
(2n+2)
Λ , n ∈ Z+, (4.19)
where the coefficient AΛ is within our cutoff scheme given
by
AΛ ≡ 1
N
∑
q
G˙Λ(q) = −
a2
(
Λ3cΛ +
1
4Λ
4∂ΛcΛ
)
2pi(rΛ + cΛΛ2)2
= −
a2
(
1 + 14Λ
∂ΛcΛ
cΛ
)
2picΛΛ[1 + rΛ/(cΛΛ2)]2
= − a
2
[
1 +O(y2Λ)
]
2picΛΛ[1 +O(yΛ)]2 = −
1
2piτΛΛ
+O(yΛ).
(4.20)
Here the scale-dependent dimensionless temperature τΛ
is defined as
τΛ =
cΛ
a2
(4.21)
and we have used that ∂ΛcΛ ∝ y2Λ, which we shall show
explicitly in Sec. IV C. Introducing the logarithmic scale
derivative ∂l = −Λ∂Λ, we obtain the infinite hierarchy of
flow equations
∂lu
(2n)
Λ =
u
(2n+2)
Λ
4piτΛ
+O(y2Λ). (4.22)
To construct a solution to this hierarchy of flow equations
let us make the ansatz u
(2n+2)
Λ = bu
(2n)
Λ . The constant
b can be uniquely fixed by requiring that this ansatz is
compatible with the initial condition (4.11), implying b =
−(2pi)2 and hence
u
(2n+2)
Λ = −(2pi)2u(2n)Λ . (4.23)
All couplings u
(2n)
Λ therefore satisfy the same flow equa-
tion
∂lu
(2n)
Λ = −
pi
τΛ
u
(2n)
Λ +O(y2Λ). (4.24)
Iterating the recursion (4.23) we obtain with Eq. (4.18)
u
(2n)
Λ = (−1)n+1(2pi)2n2yΛ, n ∈ Z+. (4.25)
To first order in yΛ, the local part of the average effective
action is therefore
Γ
(0)
Λ +
∞∑
n=1
u
(2n)
Λ
(2n)!
∑
i
m¯2ni = Γ
(0)
Λ − 2yΛ cos(2pim¯i) + 2yΛN,
(4.26)
which (up to the field-independent terms) corresponds
to the scale-dependent local potential of the sine-Gordon
field theory. Obviously, the parameter yΛ satisfies the
same flow equation (4.24) as the couplings u
(2n)
Λ ,
∂lyΛ = − pi
τΛ
yΛ +O(y2Λ). (4.27)
Introducing the dimensionless rescaled coupling
y˜l =
(2pi)32yΛ
cΛΛ2
= − u
(4)
Λ
2picΛΛ2
, (4.28)
we obtain from Eq. (4.27)
∂ly˜l = (2− ηl − pi/τl)y˜l +O(y˜2l ). (4.29)
Here the flowing anomalous dimension of the vortex field
m¯k is defined by
ηl =
∂lτΛ
τΛ
. (4.30)
We shall show later that ηl ∝ y˜2l , so that to linear order in
y˜l we may neglect the contribution of ηl on the right-hand
side of Eq. (4.29), which then reduces to the well-known
RG equation for the vortex fugacity of the XY-model [4],
∂ly˜l = (2− pi/τl)y˜l +O(y˜2l ). (4.31)
Note that the right-hand side of the flow equation (4.31)
vanishes for
τ∗ = pi/2. (4.32)
The corresponding RG fixed point describes the BKT
phase transition at Tc = τ∗J = piJ/2.
C. Flow equation for the temperature
Next, let us derive an infinite hierarchy of RG flow
equations for the set of marginal couplings c
(2n)
Λ defined
via the long-wavelength expansion (4.10) of the vertices
Γ
(2n)
Λ (k,−k, 0, . . . , 0), from which we then recover the
well-known RG equation for the scale-dependent dimen-
sionless temperature τΛ = cΛ/a
2 = c
(2)
Λ /2. To derive this
hierarchy, let us first consider the RG flow of cΛ which
is given by the exact FRG flow equation (4.7). Since we
can neglect, to leading order in yΛ, the loop momentum
q which appears in the argument of the single-scale prop-
agator G˙Λ(q) on the right-hand side, the RG flow of cΛ
reduces to
∂ΛcΛ =
a2
4
AΛc
(4)
Λ , (4.33)
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where AΛ is defined in Eq. (4.20) and the marginal cou-
pling c
(4)
Λ can be written as
c
(4)
Λ = a
−2 lim
k→0
∂2kΓ
(4)
Λ (k,−k, 0, 0), (4.34)
which is a special case of the definition (4.9) for n = 2.
Approximating the factor AΛ as described in Eq. (4.20)
we obtain
∂lτΛ =
c
(4)
Λ
8piτΛ
, (4.35)
where ∂l = −Λ∂Λ denotes again the logarithmic scale
derivative. To determine the RG flow of the scale-
dependent dimensionless temperature τΛ, we need the
flow of the marginal coupling c
(4)
Λ related to the momen-
tum dependence of the four-point vertex. Differentiating
Eq. (4.16) twice with respect to k and taking the limit
k → 0 we obtain
∂Λc
(4)
Λ =
c
(6)
Λ
2
AΛ − 5u(4)Λ c(4)Λ BΛ(0)
− 2
(
u
(4)
Λ
)2
a−2 lim
k→0
∂2kBΛ(k), (4.36)
where
BΛ(k) =
1
N
∑
q
G˙Λ(q)GΛ(q + k). (4.37)
With our cutoff scheme, the expansion of this integral for
small k can be obtained analytically,
BΛ(k) = B
0
Λ +
k2a2
2
B′′Λ +O(k4), (4.38)
where
B0Λ = −
a2
(
Λ3cΛ +
1
4Λ
4∂ΛcΛ
)
2pi(rΛ + cΛΛ2)3
≈ − a
2
2pic2ΛΛ
3
, (4.39)
B′′Λ =
c2ΛΛ
3
2pi(rΛ + cΛΛ2)4
≈ 1
2pic2ΛΛ
5
, (4.40)
and hence
a−2 lim
k→0
∂2kBΛ(k) = B
′′
Λ ≈
1
2pic2ΛΛ
5
. (4.41)
Using cΛ = τΛa
2 we find that the dimensionless coupling
c
(4)
Λ satisfies the flow equation
∂lc
(4)
Λ =
c
(6)
Λ
4piτΛ
− 5u
(4)
Λ c
(4)
Λ
2piτΛcΛΛ2
+
1
pi
(
u
(4)
Λ
cΛΛ2
)2
. (4.42)
In terms of the dimensionless coupling y˜l defined in
Eq. (4.28), the flow equation (4.42) can be written as
∂lc
(4)
Λ =
c
(6)
Λ
4piτΛ
+
5c
(4)
Λ y˜l
τΛ
+ 4piy˜2l . (4.43)
Anticipating that all marginal couplings c
(2n)
Λ for n ≥ 2
are of the order y2Λ, we see that to leading order in the
fugacity we can neglect the second term in Eq. (4.43), so
that
∂lc
(4)
Λ =
c
(6)
Λ
4piτΛ
+ 4piy˜2l . (4.44)
Obviously, the RG flow of c
(4)
Λ depends on the coupling
c
(6)
Λ related to the momentum-dependent part of the six-
point vertex and on the dimensionless coupling y˜l re-
lated to the momentum-independent part of the vertices,
whose flow equation to leading order in the fugacity is
given in Eq. (4.31). To identify the general structure of
the infinite hierarchy of flow equations for the marginal
couplings c
(2n)
Λ , let us also write down the flow equations
for n = 3 and n = 4 to leading order. For n = 3 we find
∂Λc
(6)
Λ =
c
(8)
Λ
2
AΛ − 8u(4)Λ u(6)Λ B′′Λ. (4.45)
Inserting our previous results for AΛ and for B
′′
Λ, express-
ing all u
(2n)
Λ in terms of y˜l via Eqs. (4.25) and (4.28), and
finally using again l = ln(Λ0/Λ) as flow parameter, we
obtain for the flow of the marginal part of the six-point
vertex
∂lc
(6)
Λ =
c
(8)
Λ
4piτΛ
− (4pi)3y˜2l . (4.46)
In the next order n = 4 we get
∂Λc
(8)
Λ =
c
(10)
Λ
2
AΛ −
[
12u
(4)
Λ u
(8)
Λ + 20(u
(6)
Λ )
2
]
B′′Λ, (4.47)
which results in
∂lc
(8)
Λ =
c
(10)
Λ
4piτΛ
+ (4pi)5y˜2l . (4.48)
By comparing the RG equations for c
(4)
Λ , c
(6)
Λ , and c
(8)
Λ
given in Eqs. (4.44), (4.46), and (4.48) we conclude that
at least for n = 2, 3, 4 the flow of the marginal couplings
c
(2n)
l is given by
∂lc
(2n)
l =
c
(2n+2)
l
4piτl
+ (−1)n(4pi)2n−3y˜2l , (4.49)
where, with a slight abuse of notation, from now on all
couplings are considered as functions of the logarithmic
flow parameter l. By carefully examining the combina-
torics in the exact FRG flow equations for the marginal
couplings c
(2n)
l for arbitrary n, we show in Appendix A 1
that Eq. (4.49) describes the flow of the marginal cou-
plings c
(2n)
l to second order in yΛ for arbitrary integer
n ≥ 2.
The infinite system of RG equations for the marginal
couplings given above can be solved by the recursion
c
(2n+2)
l = −(4pi)2c(2n)l , n ≥ 2. (4.50)
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Substituting this into Eq. (4.49), we obtain a set of de-
coupled RG equations for the marginal couplings c
(2n)
l ,
∂lc
(2n)
l = −
4pi
τl
c
(2n)
l + (−1)n(4pi)2n−3y˜2l . (4.51)
The solution to these equations with initial condition
c
(2n)
l=0 = 0 is
c
(2n)
l = (−1)n(4pi)2n−3
∫ l
0
dl′y˜2l′e
−4pi ∫ l
l′ dx/τx
= (−1)n(4pi)2n−3y˜20
∫ l
0
dl′e
∫ l′
0
dx(4−2pi/τx)−4pi
∫ l
l′ dx/τx ,
(4.52)
where in the second line we have used the formal solution
to Eq. (4.31). One easily verifies that this expression for
c
(2n)
l indeed satisfies the recursion relation (4.50). From
Eq. (4.52) we see that c
(4)
l and thus also ∂lτl are pro-
portional to y˜20 , so that to leading order we may replace
the scale-dependent dimensionless temperature by its ini-
tial value τ . The integration is then elementary and we
obtain
c
(2n)
l = (−1)n
(4pi)2n−3y˜2l
4 + 2pi/τ
[
1− e−(4+2pi/τ)l
]
, (4.53)
so that the marginal couplings c
(2n)
l with n ≥ 2 are indeed
proportional to y˜2l as anticipated. For large l & (4 +
2pi/τ)−1 we can neglect the e−(4+2pi/τ)l contribution,
c
(2n)
l = (−1)n
(4pi)2n−3y˜2l
4 + 2pi/τ
, (4.54)
so that for n = 2 we find
c
(4)
l =
4pi
4 + 2pi/τ
y˜2l . (4.55)
Substituting this into the flow equation (4.35) we obtain
for the flow of the dimensionless temperature
∂lτl =
y˜2l
8τ + 4pi
+O(y˜3l ), (4.56)
which close to the BKT transition at τ∗ = pi/2 simplifies
to
∂lτl =
y˜2l
8pi
+O(y˜3l ). (4.57)
This equation should be solved simultaneously with the
flow equation for y˜l, which according to Eq. (4.31) is
given by
∂ly˜l = (2− pi/τl)y˜l +O(y˜2l ). (4.58)
Eqs. (4.57) and (4.58) are the well-known Kosterlitz-
Thouless RG equations for the two-dimensional XY-
model [4, 17, 36]. The corresponding flow diagram is
FIG. 4. Flow diagram for the XY-model in the vicinity of the
BKT transition at τ∗ = Tc/J = pi/2, which was obtained by
numerically solving the flow equations (4.57) and (4.58). The
separatrix (red line) separates the high-temperature regime
on the right from the low-temperature regime on the left. In
the disordered high-temperature regime y˜l and τl flow to in-
finity, while in the quasi-long-range ordered low-temperature
regime the flow terminates at the Gaussian fixed point mani-
fold (green line) at y˜ = 0 and τ ≤ pi/2.
shown in Fig. 4. Note that the numerical coefficient in
front of y˜2l in the flow equation (4.57) depends on the
specific cutoff procedure and can be arbitrarily changed
by rescaling the coupling y˜l by a finite numerical factor
[49]. Furthermore we observe that, while Eq. (4.58) is of
first order in y˜l, it really is of second order in the double
expansion in (τ − τ∗) and y˜l, so that we should also eval-
uate the y˜2l correction at τ = τ∗. However, an explicit
calculation shows (see Appendix A for technical details)
that this correction vanishes, so that our result (4.58) is
indeed correct to second order in the double expansion
in (τ − τ∗) and y˜l.
V. EFFECT OF AMPLITUDE FLUCTUATIONS
ON THE BKT TRANSITION
Having derived the Kosterlitz-Thouless flow equations
for the XY-model within the FRG, we are now in a po-
sition to assess the effect of amplitude fluctuations on
the BKT transition. As already mentioned in Sec. I,
the question of how amplitude fluctuations influence the
BKT transition is not fully settled since previous FRG
calculations for the O(2)-model have so far not been able
to encounter the expected line of fixed points without
fine-tuning the regulator. In this section, we will ad-
dress this question by considering a bosonic lattice model
close to the supposed phase transition, which in the limit
of a hard-core contact interaction reduces to the XY-
model. Assuming weak amplitude fluctuations, we show
that their effect can be described via an effective vortex
interaction. Evaluating the effect of this effective interac-
tion on our RG flow equations for the XY-model enables
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us to conclude that amplitude fluctuations do not destroy
the BKT phase transition.
A. Adding amplitude fluctuations to the XY-model
1. Bosonic lattice action in Villain approximation
To clarify the influence of amplitude fluctuations on
the BKT transition, let us start from a lattice model de-
scribing bosons in the grand canonical ensemble at tem-
perature T , which interact via a repulsive contact inter-
action U > 0,
S[ψ] =
U
2T
∑
i
(
|ψi|2 − α2
)2
+
J
2T
∑
iµ
|ψi+µ − ψi|2 ,
(5.1)
where ψi describes the complex bosonic field at site i
of a square lattice with lattice spacing a, the exchange
interaction is denoted by J > 0, and we have neglected
the non-zero Matsubara frequencies as we are interested
in the regime close to the classical (finite temperature)
BKT transition. We assume that α > 0 and that U
is sufficiently large, so that the amplitude fluctuations
of the bosonic field are small compared with the radius
α of the Mexican hat potential given by the first term
in Eq. (5.1). Writing the complex field in density-phase
notation,
ψi =
√
ρie
iθi , (5.2)
we specifically assume that Uρ¯2/T  1, where ρ¯ = 〈ρi〉 is
the expectation value of the ρ-field. Rewriting the action
as a functional of density and phase we find
S[ρ, θ] =
U
2T
∑
i
(
ρi − α2
)2
+
J
2T
∑
iµ
[
ρi + ρi+µ − 2√ρiρi+µ cos(θi+µ − θi)
]
. (5.3)
Note that in the limit U → ∞ we can replace the field
ρi in the action by its expectation value ρ¯. Redefining
Jρ¯ → J and neglecting constant terms we then recover
the action (2.2) of the XY-model. A large but finite U
thus allows us to study the effect of amplitude fluctua-
tions on the BKT transition. Analogous to the Villain
approximation for the XY-model we expand the expo-
nential of the cosine as
exp
[
J
√
ρiρi+µ
T
cos(∆µθi)
]
≈ RV,iµ
∞∑
niµ=−∞
exp
[
− (∆µθi − 2piniµ)
2
2τV,iµ
]
, (5.4)
where we have used ∆µθi = θi+µ − θi [see Eq. (2.4)] and
defined
RV,iµ = RV (
√
ρiρi+µ/τ), (5.5a)
τV,iµ = τV (
√
ρiρi+µ/τ). (5.5b)
Here τ = J/T and the functions RV and τV are defined in
Eqs. (2.6) and (2.7). We may now separate the contribu-
tion from the phase fluctuations to the partition function
as follows,
Zamp =
∏
i
(∫ ∞
0
dρi
)
exp
[
− U
2T
∑
i
(
ρi − α2
)2
− 2J
T
∑
i
ρi +
∑
iµ
lnRV,iµ
]
Zeff[ρ], (5.6)
where
Zeff[ρ] =
∏
i
(∫ 2pi
0
dθi
2pi
)∏
iµ
 ∞∑
niµ=−∞

× exp
−∑
iµ
(∆µθi − 2piniµ)2
2τV,iµ
 . (5.7)
Although τV,iµ depends on i and µ, we find that we can
still apply the same transformations we have used in the
XY-model between Eqs. (2.8) and (2.14) to arrive at
Zeff[ρ] = exp
1
2
∑
iµ
ln τV,iµ
∏
iµ
 ∞∑
piµ=−∞
 δ∆·pi,0
× exp
−1
2
∑
iµ
τV,iµp
2
iµ
 , (5.8)
where the lattice divergence ∆·pi is defined in Eq. (2.13).
2. Expansion in density fluctuations
Since we have assumed that the density fluctuations
are small compared to the expectation value 〈ρi〉 = ρ¯ of
the density field, it is reasonable to define
ρi = ρ¯(1 + ρ˜i) (5.9)
and to expand our action in terms of the density fluctu-
ations ρ˜i. For τV,iµ this yields
τV,iµ = τ
(0)
V + τ
(1)
V
ρ˜i+µ + ρ˜i
2
+
τ
(2)
V
2
(
ρ˜i+µ + ρ˜i
2
)2
− τ
(2−)
V
2
(
ρ˜i+µ − ρ˜i
2
)2
+O(ρ˜3), (5.10)
where the coefficients are given by (we use again the no-
tation τ = T/J)
τ
(0)
V = τV
( ρ¯
τ
)
, (5.11a)
τ
(1)
V = τ
(2−)
V =
ρ¯
τ
τ ′V
( ρ¯
τ
)
, (5.11b)
τ
(2)
V =
( ρ¯
τ
)2
τ ′′V
( ρ¯
τ
)
. (5.11c)
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The reason for also taking the second-order terms in ρ˜
into account is that this allows us to extend the inte-
grations over the density fluctuations to the entire real
axis. Following the transformation outlined in Sec. II [see
Eqs. (2.15a) - (2.15d)], we now introduce another set of
integers mi to replace the piµ-field. With the notation
Mi =
1
2
∑
µ
[
(mi+x+y −mi+x+y−µ)2 + (mi+µ −mi)2
]
(5.12)
we may then write
Zeff[ρ] = exp
1
2
∑
iµ
ln τV,iµ
∏
i
( ∞∑
mi=−∞
)
× exp
{
−1
2
∑
i
Mi
[
τ
(0)
V + τ
(1)
V ρ˜i +
τ
(2)
V
2
ρ˜2i
]}
, (5.13)
where we have approximated ρ˜i+µ ≈ ρ˜i in the ρ˜2 term,
since it is only needed to ensure convergence and close to
the BKT transition it is sufficient to consider the long-
wavelength limit. With the expansion (5.10) of τV,iµ we
can also expand
1
2
∑
iµ
ln τV,iµ = κ
(0)
V + κ
(1)
V
∑
i
ρ˜i +
κ
(2)
V
2
∑
i
ρ˜2i +O(ρ˜3),
(5.14)
where κ
(0)
V is an uninteresting constant and
κ
(1)
V =
τ
(1)
V
τ
(0)
V
, (5.15a)
κ
(2)
V =
τ
(2)
V
τ
(0)
V
−
(
τ
(1)
V
τ
(0)
V
)2
, (5.15b)
and we have again approximated ρ˜i+µ ≈ ρ˜i in the second-
order term. Analogously, we expand the coefficient RV,iµ
defined in Eq. (5.5a),
RV,iµ = R
(0)
V +R
(1)
V
ρ˜i+µ + ρ˜i
2
+
R
(2)
V
2
ρ˜2i +O(ρ˜3),
(5.16)
where
R
(0)
V = RV
( ρ¯
τ
)
, (5.17a)
R
(1)
V =
( ρ¯
τ
)
R′V
( ρ¯
τ
)
, (5.17b)
R
(2)
V =
( ρ¯
τ
)2
R′′V
( ρ¯
τ
)
, (5.17c)
so that we obtain for the logarithm of RV,iµ∑
iµ
lnRV,iµ = L
(0)
V + 2L
(1)
V
∑
i
ρ˜i + L
(2)
V
∑
i
ρ˜2i +O(ρ˜3),
(5.18)
where L
(0)
V is again an unimportant constant and
L
(1)
V =
R
(1)
V
R
(0)
V
, (5.19a)
L
(2)
V =
R
(2)
V
R
(0)
V
−
(
R
(1)
V
R
(0)
V
)2
. (5.19b)
Putting everything together we find that the full parti-
tion function can be written as
Zamp =
∏
i
(∫ ∞
−∞
dρ˜i
∞∑
mi=−∞
)
exp
{
−
∑
i
[
u
2
ρ˜2i + vρ˜i
+
τ
(0)
V
2
Mi +
τ
(1)
V
2
ρ˜iMi +
τ
(2)
V
4
ρ˜2iMi
]}
,
(5.20)
where we have defined
u =
Uρ¯2
T
− 2L(2)V − κ(2)V ≈
Uρ¯2
T
, (5.21)
v =
2ρ¯
τ
+
Uρ¯(ρ¯− α2)
T
− 2L(1)V − κ(1)V . (5.22)
Let us briefly consider the order of magnitude of the cou-
plings in our new action (5.20). Close to the BKT transi-
tion, ρ¯/τ is of order unity so that τ
(0)
V , τ
(1)
V , and τ
(2)
V are
also of order unity, while u 1 due to the dominance of
the first term in the definition of u. Using the fact that
〈ρ˜i〉 vanishes by construction, it is easy to show that
v +
τ
(1)
V
2
〈Mi〉 = 0. (5.23)
Since 〈Mi〉 is of order unity below the BKT transition, it
follows that v is also of order unity.
3. Integrating out the density fluctuations
In order to make contact with our calculations for the
XY-model, we now integrate out the ρ˜-field to derive an
effective theory for the dual vortex field m. Performing
the Gaussian integrals and neglecting constant terms in
the action yields
Zamp =
∏
i
( ∞∑
mi=−∞
)
exp
{
− 1
2
∑
i
[
τ
(0)
V Mi
+ ln
(
1 +
τ
(2)
V
2u
Mi
)
−
(
v +
τ
(1)
V
2 Mi
)2
u+
τ
(2)
V
2 Mi
]}
. (5.24)
For large Mi the argument of the exponential in
Eq. (5.24) can be approximated as
−S[m] ≈ −1
2
[
τ
(0)
V −
(
τ
(1)
V
)2
2τ
(2)
V
]∑
i
Mi. (5.25)
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Since the term in the square brackets is always positive
and, close to the BKT transition, of order unity, we find
that the partition function (5.24) is well defined and that
the internal sums over mi are effectively cut off at Mi ≈
1, so that we may approximate
Zamp =
∏
i
( ∞∑
mi=−∞
)
exp
[
− τ
′
2
∑
i
Mi
+
(τ
(1)
V )
2
8
∑
i
M2i
u+
τ
(2)
V
2 Mi
]
, (5.26)
where we have introduced the effective dimensionless
temperature
τ ′ = τ (0)V +
τ
(2)
V
2u
− vτ
(1)
V
u
≈ τ (0)V . (5.27)
Expanding for large u,
exp
 (τ (1)V )2
8
∑
i
M2i
u+
τ
(2)
V
2 Mi
 ≈ 1 + (τ (1)V )2
8u
∑
i
M2i ,
(5.28)
and defining the dimensionless coupling constant
g =
3
(
τ
(1)
V
)2
u
, (5.29)
we finally arrive at
Zamp =
∏
i
( ∞∑
mi=−∞
)
exp
[
−τ
′
2
∑
i
Mi
]
×
(
1 +
g
4!
∑
i
M2i
)
. (5.30)
Fourier transforming to momentum space we can write
this as
Zamp =
∏
i
( ∞∑
mi=−∞
)
exp
[
−1
2
∑
k
ωkmkm−k
]
×
[
1 +
g
4!N
∑
k1k2k3k4
δk1+k2+k3+k4,0Vk1,k2,k3,k4
×mk1mk2mk3mk4
]
, (5.31)
where ωk = 4τ
′(1 − γk) is defined analogously to
Eq. (2.24), and the fully symmetrized momentum depen-
dence of the effective quartic interaction due to amplitude
fluctuations is given by
Vk1,k2,k3,k4 =
1
3
[
V˜k1,k2;k3,k4 + (k2 ↔ k3) + (k2 ↔ k4)
]
,
(5.32)
where
V˜k1,k2;k3,k4 =
1
4
∑
µν∈{x,y}
(
eik1·aµ − 1) (eik2·aµ − 1)
×
(
1 + ei(k1+k2)·(ax+ay−aµ)
)
× (eik3·aν − 1) (eik4·aν − 1)
×
(
1 + ei(k3+k4)·(ax+ay−aν)
)
. (5.33)
B. Effect of the amplitude fluctuations on the flow
equations
In order to set up the FRG, we now introduce a reg-
ulator RΛ(k) analogously to the procedure described in
Sec. III A. We thus replace
1
2
∑
k
ωkmkm−k → 1
2
∑
k
[ωk +Rλ(k)]mkm−k, (5.34)
where
Rλ(k) = ζλ (λ− ωk) Θ (λ− ωk) (5.35)
is again defined such that for λ = λ0 the dispersion is con-
stant. The cutoff-dependent prefactor ζλ will be specified
later on; here we only demand ζλ0 = 1. Then the cutoff-
dependent generating functional Wλ0 [h] of the connected
correlation functions [see Eq. (3.8)] at the initial scale λ0
is given by
eWλ0 [h] =
[
1 +
g
4!N
∑
k1k2k3k4
δk1+k2+k3+k4,0Vk1,k2,k3,k4
× δ
δh−k1
δ
δh−k2
δ
δh−k3
δ
δh−k4
]
×
∏
i
( ∞∑
mi=−∞
)
exp
[
−λ0
2
∑
i
m2i +
∑
i
himi
]
,
(5.36)
where we have pulled the quartic interaction term out of
the m sums by replacing the mk-fields with derivatives
with respect to the source field h−k. This allows us to
perform the sums over the mi-field and expand the result
to leading order in the fugacity y0, see Eqs. (3.26) and
(3.28). Evaluating the derivatives with respect to h is
then trivial,
Wλ0 [h] =
∑
i
h2i
2λ0
+ 2y0
∑
i
cos
(
2pihi
λ0
)
+
g
4λ30N
∑
k
hkh−k
∑
q
Vk,−k,q,−q
+
g
4!λ40N
∑
k1k2k3k4
δk1+k2+k3+k4,0Vk1,k2,k3,k4
× hk1hk2hk3hk4 , (5.37)
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where we have expanded the right-hand side to first order
in g and in y0. The expectation value of the m-field at
the initial scale is therefore to leading order given by
m¯i =
δWλ0 [h]
δhi
=
hi
λ0
+O(g, y0), (5.38)
so that
hi = λ0m¯i +O(g, y0). (5.39)
The initial condition for the average effective action
Γλ[m¯] then reads
Γλ0 [m¯] =
τ ′ − g/λ0
2
∑
k
a2k2 |m¯k|2 − 2y0
∑
i
cos(2pim¯i)
− g
4!N
∑
k1k2k3k4
δk1+k2+k3+k4,0Vk1,k2,k3,k4
× m¯k1m¯k2m¯k3m¯k4 , (5.40)
where we have expanded ωk to leading order and have
used
g
2λ0N
∑
q
Vk,−k,q,−q =
ga2k2
λ0
+O(k4). (5.41)
Thus one of the effects of the amplitude fluctuations is a
correction to the initial value of the coupling cΛ,
c0 = τ
′a2 − ga
2
λ0
. (5.42)
Analogous to our treatment of the XY-model we now set
λ = τ ′a2Λ2. A convenient choice of the prefactor ζΛ in
our regulator (5.35) is then
ζΛ =
cΛ +
ga2
λ0
c0 +
ga2
λ0
, (5.43)
so that
RΛ(k) =
(
cΛ +
ga2
λ0
)(
Λ2 − k2)Θ (Λ2 − k2) . (5.44)
Although this g-dependent correction to the regulator
propagates to the functions AΛ and BΛ(k) defined in
Eqs. (4.20) and (4.37), it is consistent to neglect the re-
sulting correction terms since in the derivation of the
Kosterlitz-Thouless flow equations in Sec. IV we have
also dropped all corrections in yΛ. More important is the
momentum-dependent four-point vertex in Eq. (5.40),
which is explicitly given by Eqs. (5.32) and (5.33). In
the long-wavelength limit we obtain from Eq. (5.33)
V˜k1,k2;k3,k4 ≈
∑
µν∈{x,y}
(k1 · aµ)(k2 · aµ)(k3 · aν)(k4 · aν),
(5.45)
so that the interaction vertex Vk1,k2;k3,k4 in Eq. (5.40)
vanishes as the fourth power of the external momenta.
Obviously, this vertex has a scaling dimension of −2 and
is thus irrelevant for the BKT transition. We thus con-
clude that weak amplitude fluctuations will not affect
the BKT transition in a qualitative way, although they
will slightly change non-universal quantities like the crit-
ical temperature Tc. For a quantitative estimate, let us
make the ansatz that for arbitrary cutoff scale Λ ampli-
tude fluctuations generate a four-point vertex of the form
given by the last term in Eq. (5.40),
− gΛ
4!N
∑
k1k2k3k4
δk1+k2+k3+k4,0Vk1,k2,k3,k4
× m¯k1m¯k2m¯k3m¯k4 , (5.46)
where we identify gΛ0 = g. While in an exact treatment
the momentum dependence of Vk1,k2,k3,k4 will probably
change its functional form during the flow, the above
ansatz allows us to explicitly evaluate the flow of gΛ.
Introducing the rescaled coupling
g˜l =
cΛΛ
2
2pi
gΛ, (5.47)
we show in Appendix B 1 that to leading order in the
fugacity the flow of g˜l is
∂lg˜l = −2g˜l − 4τly˜2l . (5.48)
Replacing the scale-dependent τl by its initial value τ
′
which is justified for y˜l  1, we can solve this flow equa-
tion for g˜l,
g˜l = g˜0e
−2l − 2τ
′2y˜2l
3τ ′ − pi
[
1− e−2(3−pi/τ ′)l
]
. (5.49)
Using the fact that for τ ′ close to τ∗ = pi/2 the first
term vanishes more rapidly than y˜2l , we conclude that
the sign of g˜l changes at some intermediate l and that
for sufficiently large l the flow of g˜l is determined by
g˜l = − 2τ
2
∗ y˜
2
l
3τ∗ − pi = −piy˜
2
l . (5.50)
A graph of the typical RG flow of g˜l is shown in Fig. 5.
The important point is that for large l the flow of the
irrelevant coupling g˜l is independent of its initial value
g˜0 ∝ g and approaches zero at the BKT transition where
the renormalized fugacity y˜∗ vanishes. Note that usually
irrelevant couplings modify the RG flow of the relevant
and marginal couplings only weakly so that their effect
can be implicitly taken into account by redefining the
numerical initial values of the relevant and marginal cou-
plings [28]. In our case, the coupling g˜l does not change
the flow equation for y˜l, but it does modify the prefactor
in the flow equation for τl (see Appendix B 2),
∂lτl =
y˜2l
8pi
(
1 +
16
3
)
. (5.51)
However, this correction can be simply taken into ac-
count by a redefinition of y˜l, as discussed in the text
after Eqs. (4.57) and (4.58). We thus conclude that weak
amplitude fluctuations do not modify the universal prop-
erties of the BKT transition.
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FIG. 5. Representative plot of the RG flow of the irrelevant
coupling g˜l generated by amplitude fluctuations as a function
of the logarithmic scale parameter l = ln(Λ0/Λ). The curves
are obtained from the numerical solution of the RG equations
(4.57), (4.58), and (5.48), with initial conditions y˜0 = 0.01
and τ = 0.99τ∗ = 0.99pi/2. The upper curve (red) corre-
sponds to a finite initial value of g˜0 = 0.01 (corresponding to
a model with finite amplitude fluctuations), while the lower
curve (blue) corresponds to g˜0 = 0 as is the case for the XY-
model. We find that for sufficiently large l both curves merge
and eventually approach zero for l → ∞, so that the large
l behavior of g˜l is independent of the initial strength of the
amplitude fluctuations.
VI. EFFECT OF OUT-OF-PLANE
FLUCTUATIONS ON THE BKT TRANSITION
The technique developed in the previous section can
also be used to study the effect of weak out-of-plane fluc-
tuations of the spins on the BKT transition. Experimen-
tally, it is hard to fully eliminate such fluctuations and it
is therefore important so show that they do not destroy
the BKT transition. In this section we demonstrate that
weak out-of-plane fluctuations are irrelevant for the BKT
transition, since they lead to the same effective field the-
ory for the vortices as weak amplitude fluctuations.
To study the effect of out-of-plane motion of the spins,
we generalize the XY-Hamiltonian given in Eq. (2.1) as
follows,
HXXZ = −J
∑
i,µ
si · si+µ + U
2
∑
i
(
ϑi − pi
2
)2
, (6.1)
where the spins si of unit length are now al-
lowed to rotate in three dimensional space, which
we parametrize using spherical coordinates as si =
(sinϑi cosϕi, sinϑi sinϕi, cosϑi). The first term in
Eq. (6.1) describes the classical Heisenberg model, while
the second term introduces an easy-plane anisotropy
parametrized by the coupling U , which for large U sup-
presses the rotation of the spins out of the XY-plane. In
the limit U → ∞ we would recover the XY-model. The
partition function of the above XXZ-model is
ZXXZ =
∏
i
(∫
dΩi
)
exp
[
− U
2T
∑
i
(
ϑi − pi
2
)2
+
J
T
∑
i,µ
[cosϑi+µ cosϑi + sinϑi+µ sinϑi cos(∆µϕi)]
]
,
(6.2)
where
∫
dΩi =
∫ pi
0
dϑi sinϑi
∫ 2pi
0
dϕi denotes the integral
over the unit sphere. Similar to our treatment of ampli-
tude fluctuations in Eq. (5.4), we expand the exponential
involving the cosine of the lattice gradient using the Vil-
lain approximation,
exp
[
J
T
sinϑi+µ sinϑi cos(∆µϕi)
]
≈ RV,iµ
∞∑
niµ=−∞
exp
[
− (∆µϕi − 2piniµ)
2
2τV,iµ
]
, (6.3)
where
RV,iµ = RV (sinϑi+µ sinϑi/τ), (6.4a)
τV,iµ = τV (sinϑi+µ sinϑi/τ). (6.4b)
Here τ = J/T and our notation is analogous to the nota-
tion introduced in Sec. V. Performing first the integrals
over the angles ϕi we obtain
ZXXZ =
∏
i
(∫ pi
0
dϑi sinϑi
)
exp
[
− U
2T
∑
i
(
ϑi − pi
2
)2
+
J
T
∑
i,µ
cosϑi+µ cosϑi +
∑
i,µ
lnRV,iµ
]
Zeff [ϑ], (6.5)
where
Zeff [ϑ] =
∏
i
(∫ 2pi
0
dϕi
)∏
i,µ
 ∞∑
niµ=−∞

× exp
[
− (∆µϕi − 2piniµ)
2
2τV,iµ
]
. (6.6)
Note that Zeff [ϑ] has the same structure as Eq. (5.7),
so that we can write it in a current-like form similar to
Eq. (5.8). Defining
ϑi =
pi
2
+ ϑ˜i (6.7)
we can then expand the effective action of the fields ϑi
up to second order in ϑ˜i, which is justified for U/T  1.
The expansion of τV,iµ defined in Eq. (6.4b) is
τV,iµ = τ
(0)
V − τ (1)V
ϑ˜2i+µ + ϑ˜
2
i
2
+O
(
ϑ˜4i
)
, (6.8)
where the coefficients are
τ
(0)
V = τV
(
1
τ
)
, τ
(1)
V =
1
τ
τ ′V
(
1
τ
)
, (6.9)
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following the notation of Eq. (5.10). In the dual vortex
formulation we then get
Zeff [ϑ] = exp
1
2
∑
iµ
ln τV,iµ
∏
i
( ∞∑
mi=−∞
)
× exp
[
−τ
(0)
V
2
∑
i
Mi +
τ
(1)
V
2
∑
i
ϑ˜2iMi
]
, (6.10)
where Mi is defined in Eq. (5.12). Expanding lnRV,iµ
and ln τV,iµ as well as sinϑi from the integral measure
to second order in the ϑ˜i only yields terms of the form
ϑ˜2i with coefficients of order unity that lead to a finite
renormalization of the coupling U , which we absorb into
the dimensionless coupling
u =
U
T
+O (1) . (6.11)
The full partition function can then be written as
ZXXZ =
∏
i
(∫ ∞
−∞
dϑ˜i
∞∑
mi=−∞
)
× exp
[
− τ
(0)
V
2
∑
i
Mi − 1
2
∑
ij
Aij ϑ˜iϑ˜j
]
, (6.12)
where we have extended the range of the ϑ˜-integrations
to the entire real line and
Aij = δij
(
u− τ (1)V Mi
)
− 1
τ
∑
µ
(δj,i+µ + δj,i−µ) .
(6.13)
Note that τ
(1)
V is always negative, so that the partition
function (6.12) is well defined. After performing the
Gaussian integrations over the angles ϑ˜i we obtain
ZXXZ =
∏
i
( ∞∑
mi=−∞
)
exp
[
− τ
(0)
V
2
∑
i
Mi
− 1
2
ln det A
]
, (6.14)
where the matrix elements of the matrix A are given in
Eq. (6.13). To first order in 1/u we may neglect the off-
diagonal part of A, so that
1
2
ln det A =
1
2
∑
i
ln
[
u− τ (1)V Mi
]
. (6.15)
Finally, expanding the logarithm up to first order in 1/u
we obtain
ZXXZ =
∏
i
( ∞∑
mi=−∞
)
exp
[
−τ
′
2
∑
i
Mi
]
, (6.16)
which is just the partition function of the XY-model in
the dual vortex formulation with renormalized coupling
τ ′ = τ (0)V −
τ
(1)
V
u
. (6.17)
Relaxing the confinement of the spins to the XY-plane
can thus to leading order be fully absorbed in a redefini-
tion of the dimensionless temperature in the dual vortex
action of the XY-model. Considering also terms of order
1/u2, we find that the off-diagonal part of A only con-
tributes an unimportant constant term. Expanding the
logarithm (6.15) as well as the resulting exponential to
second order in 1/u then yields
ZXXZ =
∏
i
( ∞∑
mi=−∞
)
exp
[
−τ
′
2
∑
i
Mi
]
×
(
1 +
g
4!
∑
i
M2i
)
, (6.18)
where
g =
6
(
τ
(1)
V
)2
u2
. (6.19)
Since the expression (6.18) for ZXXZ is formally identi-
cal to the partition function (5.30), weak out-of-plane
fluctuations lead to the same effective field theory as
weak amplitude fluctuations. Obviously, the results in
Sec. V B therefore also apply to the strongly anisotropic
XXZ-model, so that we conclude that the BKT transi-
tion is not destroyed by a small out-of-plane motion of
the spins.
VII. SUMMARY AND CONCLUSIONS
In this work we have shown how to recover the
Kosterlitz-Thouless RG flow equations for the two-
dimensional XY-model entirely within the framework of
the FRG. The crucial technical step is to apply the lat-
tice version of the FRG formalism developed by Machado
and Dupuis [34] to a dual formulation of the XY-model,
where integer degrees of freedom represent the vortices
associated with the sites of the dual lattice. With this
method, the Kosterlitz-Thouless RG flow equations can
be obtained by means of an almost automatic applica-
tion of the established FRG machinery in momentum
space. The only technical complication encountered in
this approach is that one has to solve an infinite hierar-
chy of RG flow equations for the relevant and marginal
coupling constants of the model. Fortunately, to leading
order in the fugacity, an explicit solution of this infinite
hierarchy can be found, as shown in Sec. IV. In con-
trast to previous attempts to recover the BKT transition
within the framework of the FRG [29–32], with our dual
lattice FRG we exactly recover the RG flow equations ob-
tained by Kosterlitz and Thouless [4], which are believed
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to correctly describe the critical properties of the BKT
transition. Our dual lattice FRG in momentum space
is therefore an alternative to the rather unconventional
real space RG used by Kosterlitz and Thouless in their
original work [4].
An important advantage of our FRG approach is that
it can be easily generalized to take into account various
deviations from the ideal XY-model, such as amplitude
fluctuations (see Sec. V) or small out-of-plane movements
of the spins (see Sec. VI). In particular, we have shown
that amplitude as well as out-of-plane fluctuations give
rise to an irrelevant effective interaction between vortices,
which does not qualitatively modify the BKT transition.
This is in contrast to previous FRG approaches [29–32],
which did not explicitly take the vortex degrees of free-
dom into account and did not obtain the line of true
fixed points associated with the BKT phase without fine-
tuning the regulator.
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APPENDIX A: TECHNICAL DETAILS ON FLOW
EQUATIONS FOR THE XY-MODEL
1. Flow equations for the marginal couplings
In Sec. IV C we have shown that for n = 2, 3, 4, the
flow of the marginal couplings c
(2n)
Λ is to leading order in
yΛ given by
∂lc
(2n)
l =
c
(2n+2)
l
4piτl
+ (−1)n(4pi)2n−3y˜2l , (A1)
see Eq. (4.49). In the following we will show that this
equation holds for all integers n ≥ 2. Consider first the
right-hand side of Eq. (A1), which according to Eq. (4.54)
is proportional to y˜2l . Since all vertices Γ
(2n)
Λ for n ≥ 2 are
at least of order y˜l, it follows that for the flow equation
of c
(2n)
l we only have to consider terms with up to two
vertices, so that we can write
∂ΛΓ
(2n)
Λ (k) = Γ˙
(2n,1)
Λ (k) + Γ˙
(2n,2)
Λ (k), (A2)
where Γ˙
(2n,m)
Λ (k) only contains terms with exactly m ver-
tices. For Γ˙
(2n,1)
Λ (k) we find [28]
Γ˙
(2n,1)
Λ (k) =
1
2N
∑
q
G˙Λ(q)Γ
(2n+2)
Λ (q,−q,k,−k, 0, . . . , 0)
=
AΛ
2
Γ
(2n+2)
Λ (k) +O(y˜l), (A3)
where AΛ is defined in Eq. (4.20) and we have used the
fact that to leading order in y˜l we may neglect the loop
momentum q in the vertex on the right-hand side.
Next, consider the second contribution Γ˙
(2n,2)
Λ (k) in
Eq. (A2); all contributions to this term are of the form
[28]
1
N
∑
pq
G˙Λ(q)GΛ(p)Γ
(n1+2)
Λ (q,−p,k1, . . . ,kn1)
× Γ(n2+2)Λ (p,−q,kn1+1, . . . ,k2n), (A4)
where n1 and n2 are positive even integers which fulfill
n1 + n2 = 2n and the set of momenta {k1, . . . ,k2n} is a
permutation of {k,−k, 0, . . . , 0}. Since all permutations
with k and −k belonging to the same vertex contribute
at least to third order in y˜l to the flow of c
(2n)
Λ , we only
have to consider the cases where k and −k belong to
different vertices. Approximating the vertices by their
momentum-independent parts and explicitly considering
the combinatorial factors then yields
Γ˙
(2n,2)
Λ (k) = −
1
2
∞∑
n1=1
∞∑
n2=1
δn1+n2,2n
2n1n2(2n− 2)!
n1!n2!
× u(n1+2)Λ u(n2+2)Λ BΛ(k), (A5)
where we have used BΛ(k) from Eq. (4.37). The combina-
torial factors in the numerator correspond to the symme-
try k↔ −k, to the n1 (n2) possibilities to put k or −k in
the first (second) vertex, and to the (2n−2)! possibilities
of distributing the remaining (vanishing) momenta, while
the denominator is due to the n1! (n2!) possible permuta-
tions of the indices in the first (second) vertex. Since in
our system vertices with an odd number of external legs
vanish, we can rewrite this using binomial coefficients as
Γ˙
(2n,2)
Λ (k) = −
n−1∑
i=1
(
2n− 2
2i− 1
)
u
(2i+2)
Λ u
(2n−2i+2)
Λ BΛ(k).
(A6)
With Eqs. (4.25) and (4.28) we find
u
(2i+2)
Λ u
(2n−2i+2)
Λ = (−1)nc2ΛΛ4(2pi)2n−2y˜2l , (A7)
which is manifestly independent of the summation index
i. This allows us to perform the sum so that
Γ˙
(2n,2)
Λ (k) = −22n−3u(4)Λ u(2n)Λ BΛ(k). (A8)
Acting with limk→0 ∂2k on our results for Γ˙
(2n,1)
Λ (k) and
Γ˙
(2n,2)
Λ (k), inserting our previous leading order results for
AΛ and B
′′
Λ, and using the logarithmic scale derivative
∂l = −Λ∂Λ then results in Eq. (A1).
2. Flow equations for the relevant couplings
In the main text we have derived the flow equations
for the relevant couplings u
(2n)
Λ only to leading order in
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yΛ [cf. Eq. (4.22)],
∂lu
(2n)
Λ =
u
(2n+2)
Λ
4piτΛ
+O(y2Λ). (A9)
In the following we will extend this result by also taking
second-order terms in yΛ into account. Using the nota-
tion introduced in Eq. (A2), we need to calculate
∂ΛΓ
(2n)
Λ (0) = Γ˙
(2n,1)
Λ (0) + Γ˙
(2n,2)
Λ (0) (A10)
up to order y2Λ. For the first term we find [28]
Γ˙
(2n,1)
Λ (0) =
1
2N
∑
q
G˙Λ(q)Γ
(2n+2)
Λ (q), (A11)
where we now have to take the loop momentum q in
the vertex into account. Inserting our long-wavelength
expansion for the vertices in Eq. (4.10) yields
Γ˙
(2n,1)
Λ (0) =
u
(2n+2)
Λ
2
AΛ +
a2c
(2n+2)
Λ
4
A
(2)
Λ , (A12)
where we have defined
A
(2)
Λ =
1
N
∑
q
G˙Λ(q)q
2. (A13)
From Eq. (4.20) we see that AΛ is to first order in yΛ
given by
AΛ = − 1
2piτΛΛ
+
u
(2)
Λ
piτΛcΛΛ3
+O(y2Λ), (A14)
while for A
(2)
Λ we only need the leading order result
A
(2)
Λ = −
Λ
4piτΛ
+O(yΛ), (A15)
since c
(2n+2)
Λ is already of second order in yΛ. Thus
−ΛΓ˙(2n,1)Λ (0) =
u
(2n+2)
Λ
4piτΛ
− u
(2)
Λ u
(2n+2)
Λ
2piτΛcΛΛ2
+
a2Λ2c
(2n+2)
Λ
16piτΛ
.
(A16)
Next, consider the second contribution Γ˙
(2n,2)
Λ (0) in
Eq. (A10), which can be written as [28]
Γ˙
(2n,2)
Λ (0) = −
1
2N
∞∑
n1=1
∞∑
n2=1
δ2n,n1+n2
(2n)!
n1!n2!
×
∑
q
G˙Λ(q)GΛ(q)Γ
(n1+2)
Λ (q)Γ
(n2+2)
Λ (q),
(A17)
where the combinatorial factors correspond to the (2n)!
possible permutations of the 2n external vanishing mo-
menta and to the n1! (n2!) possibilities to distribute n1
(n2) momenta on the first (second) vertex. Since this
expression is already of order y2Λ, we can neglect the q
dependence of the vertices. Using the definition of BΛ(k)
in Eq. (4.37) as well as the fact that vertices with an odd
number of external legs vanish identically, we find
Γ˙
(2n,2)
Λ (0) = −
BΛ(0)
2
n−1∑
i=1
(
2n
2i
)
u
(2i+2)
Λ u
(2n−2i+2)
Λ .
(A18)
Inserting BΛ(0) from Eq. (4.39) we can also write this as
−ΛΓ˙(2n,2)Λ (0) = −
n−1∑
i=1
(
2n
2i
)
u
(2i+2)
Λ u
(2n−2i+2)
Λ
4piτΛcΛΛ2
. (A19)
Combining our results for Γ˙
(2n,1)
Λ (0) and Γ˙
(2n,2)
Λ (0) then
leads to
∂lu
(2n)
Λ =
u
(2n+2)
Λ
4piτΛ
+
a2Λ2c
(2n+2)
Λ
16piτΛ
−
n∑
i=0
(
2n
2i
)
u
(2i+2)
Λ u
(2n−2i+2)
Λ
4piτΛcΛΛ2
+O(y3Λ). (A20)
Since Eq. (A7) is correct to second order in y˜l, we can
perform the sum over i explicitly to obtain
∂lu
(2n)
Λ =
u
(2n+2)
Λ
4piτΛ
+
a2Λ2c
(2n+2)
Λ
16piτΛ
− (−1)
na2Λ2(4pi)2n−2y˜2l
2pi
+O(y3Λ), (A21)
which is valid for all n ≥ 1.
3. y˜2l correction to the flow of the fugacity
We can now use our result (A21) to calculate the y˜2l
correction at τ = τ∗ to the flow of the fugacity. For this
purpose, we parametrize the relevant couplings u
(2n)
Λ as
u
(2n)
l = (−1)n+1(2pi)2n−3τla2Λ2y˜l
(
1 + 4n−2υ(2n)l y˜l
)
,
(A22)
where υ
(2)
l = 0 by construction. We then insert our result
(4.54) for c
(2n)
Λ into Eq. (A21) and approximate τl = τ∗
in all higher order terms. For n = 1 this yields
∂ly˜l
y˜l
= 2− pi
τl
− pi
τl
(
υ
(4)
l −
9
8pi
)
y˜l, (A23)
while for n ≥ 2 we find
∂lυ
(2n)
l = −2
(
4υ
(2n+2)
l − υ(2n)l − 42−nυ(4)l
)
+
9
pi
(
1− 41−n) . (A24)
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This infinite hierarchy of flow equations can be solved
with the ansatz
υ
(2n+2)
l
υ
(2n)
l
=
1− 4−n
1− 41−n , (A25)
which implies
υ
(4)
l =
3
4(1− 41−n)υ
(2n)
l . (A26)
Inserting our ansatz into Eq. (A24) yields
∂lυ
(2n)
l = −6υ(2n)l +
9
pi
(
1− 41−n) , (A27)
which is easily solved as
υ
(2n)
l =
3(1− 41−n)
2pi
(1− e−6l), (A28)
justifying our ansatz (A25). For n = 2 and large l we
find
υ
(4)
l =
9
8pi
, (A29)
which exactly cancels the linear in y˜l contribution in
Eq. (A23).
APPENDIX B: ADDITIONAL FLOW EQUATION
DUE TO AMPLITUDE FLUCTUATIONS
1. Flow equation for gΛ
In the following we will derive the flow equation for
the quartic coupling gΛ, which results from integrating
out the amplitude fluctuations. To this end we approx-
imate all vertices by their small-momentum expansion
from Eq. (4.10),
Γ
(2n)
Λ (k,−k, 0, . . . , 0) = u(2n)Λ +
k2a2
2
c
(2n)
Λ +O(k4), (B1)
except for the four-point vertex where we additionally
include
− gΛ
4!N
∑
k1k2k3k4
δk1+k2+k3+k4,0Vk1,k2,k3,k4
× m¯k1m¯k2m¯k3m¯k4 (B2)
in our ansatz for the average effective action, since the
initial value gΛ0 = g of this fourth-order momentum term
is finite (cf. Sec. V). Using the long-wavelength limit
Vk,k,−k,−k ≈ a4k4 (B3)
as well as the exact flow equation (3.22) for the four-point
vertex, we see that
∂ΛgΛ = − 1
4!a4
lim
k→0
∂4k∂ΛΓ
(4)
Λ,k,k,−k,−k =
1
4!a4N
×
∑
p
G˙Λ(p) lim
k→0
∂4k
[
2GΛ(p)
(
Γ
(4)
Λ,p,−p,k,−k
)2
+GΛ(p+ 2k)
(
Γ
(4)
Λ,p,−p−2k,k,k
)2 ]
. (B4)
Keeping only leading order terms in yΛ and gΛ, this can
be written more explicitly as
∂ΛgΛ =
1
4!a4N
∑
p
G˙Λ(p) lim
k→0
[(
u
(4)
Λ
)2
∂4kGΛ(p+ 2k)
− 12u(4)Λ gΛ
(
∂2kGΛ(p+ 2k)
)
∂2kVp,−p−2k,k,k
+ 18g2ΛGΛ(p)
(
∂2kVp,−p,k,−k
)2 ]
, (B5)
where we can use the long-wavelength expansion
Vp,−p,k,±k ≈ ∓a
4p2k2
3
(
1 + 2 cos2 ϕp
)
. (B6)
With
1
N
∑
p
G˙Λ(p)GΛ(p+ 2k) = − 1
2piτ2Λa
2Λ3
×
[
1− 2 k
2
Λ2
+
80
9pi
k3
Λ3
− 4 k
4
Λ4
+O(k5)
]
+O(y˜l) (B7)
and
1
N
∑
p
p2
(
1 + 2 cos2 ϕp
)
G˙Λ(p) lim
k→0
∂2kGΛ(p+ 2k)
=
5
piτ2Λa
2Λ3
+O(y˜l) (B8)
we find in total
∂lgΛ = −8piy˜
2
l
a2Λ2
+
10y˜lgΛ
3τl
+
a2Λ2g2Λ
4piτ2Λ
+O(y˜3l , y˜2l gΛ, y˜lg2Λ, g3Λ). (B9)
Rewriting this in terms of the rescaled coupling g˜l [see
Eq. (5.47)] we arrive at
∂lg˜l =
(
−2 + 10y˜l
3τl
+
g˜l
2τ3l
)
g˜l − 4τly˜2l . (B10)
Finally, we note that due to y˜l  1 and g˜l  1 we may
neglect the second and third term in the brackets above,
so that
∂lg˜l = −2g˜l − 4τly˜2l . (B11)
2. Effect of g˜l on the flow of τl
Consider now the exact flow equation (4.7) for the
scale-dependent dimensionless temperature,
∂ΛτΛ =
1
4a2N
∑
q
G˙Λ(q) lim
k→0
∂2kΓ
(4)
Λ (k,−k, q,−q).
(B12)
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Inserting our earlier result (4.57) for τΛ close to the BKT
transition, which was derived without taking the irrele-
vant coupling gΛ into account, we find
∂ΛτΛ = − y˜
2
Λ
8piΛ
− gΛ
4a2N
∑
q
G˙Λ(q) lim
k→0
∂2kVk,−k,q,−q
= − y˜
2
Λ
8piΛ
+
gΛa
2Λ
12piτΛ
, (B13)
where we have used the long-wavelength expansion (B6)
of Vk,−k,q,−q as well as
1
N
∑
q
G˙Λ(q)q
2
(
1 + 2 cos2 ϕq
)
= − Λ
2piτΛ
+O (y˜Λ) .
(B14)
With the definition (5.47) of the rescaled coupling g˜l and
the logarithmic scale derivative l = ln(Λ0/Λ) we can also
write Eq. (B13) as
∂lτl =
y˜2l
8pi
− g˜l
6τ2l
. (B15)
Since we are interested in the flow close to the BKT tran-
sition, we may approximate τl ≈ τ∗ = pi/2 and insert our
earlier result (5.50) for g˜l, so that we finally get
∂lτl =
y˜2l
8pi
+
2y˜2l
3pi
=
y˜2l
8pi
(
1 +
16
3
)
. (B16)
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